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BRILLIANT POINTS AND LOCI OF BRILLIANT POINTS.* 

By W. H. Roevbr. 

1. Introduction. When a ray of light meets a polished surface it is 
reflected according to the following laws : 

The incident ray, the reflected ray, and the normal to the reflecting surface 
at the point of reflection lie in one plane. This plane is called the 
plane of reflection. 

In the plane of reflection, the incident ray and the reflected rny lie on 
opposite sides of the normal and on the sumo side of the tangent. 

The incident ray and the reflected r:iy make equal angles with the normal. 

These laws are inferred from experiments in which pencils of light are re- 
flected from polished planes. 

The points of reflection of those reflected rays which pass through the 
pupil of an observer's eye are, for the observer, luminous points, and are culled 
brilliant points. 1[ The points of reflection of thoise reflected rays which, when 
prodnced backward, pierce the pupil of an observer's eye iire not luminous, 
and are sometimes called virtual brilliant points. Virtual brilliant points pre- 
sent themselves in the analytic treatment when certain equations are freed from 
radiciils. 

Tubular surfaces are envelopes of spheres of constant radii wliose centres 
are situated in a given space curve which is called the axis of the tube. As 
the radins of a tubular surface approaches zero, its brilliant points approach 
points in the axis. The axis is the given space curve, and this fact suggests 
the definiti<m of a brilliant point of a space curve. 

It is evident that the position of a brilliant point depends upon the posi- 
tion of the observer's eye, the position and nature of the soui'ce of light, and 
the position of the reflecting surface. Hence when the surface, source or eye 
moves, or when the surface changes its shape or size, the brilliant points move. 
The locus of a brilliant point may l)e a curve, a surface or a region of more 

* Preaented to the American Mathematical Society at its meeting, 22 Fel>ruary, 1902. A 
communication on this sabject has been made to The Academy of Science of St. Louis; ef. 
Trana. Acad. Sci. of Ht. Louis, voi. x, No 11 (1900), p. Ixii. 

t Aihazeu ( A. D. 987-1038) determined geometrically the brilliant points of a concave mirror 
when the source and the recipient are given. C/. Ball, A Short Hiatorg of Mathematics, p. 167. 
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dimensions. When it is a curve, it is called a brilliant curve, and when a sur- 
face, a brilliant surface. Owing to the fact that the impression of an image 
on the retina of the eye remains for some time after the object which has pro- 
duced it has disappeared or become displaced, it is possible for us to perceive 
the brilliant curve when the illuminated polished surface is rapidly moved. 

A striking example of this fact is presented by an illuminated polished rod 
which is rapidly rotated. When the rod is of small radius and the axis of rota- 
tion intersects and is perpendicular to the rod, the brilliant curve lies in a 
plane. Fig. 3 illustrates this case. The plane of the paper represents the 
plane of rotation, P[ and P'^ are the projections of the source of light and of 
the eye respectively on this plane, and Zj and z^ are the distances of the light 
and of the eye above the plane. The heavy full line represents the visible por- 
tion of the brilliant curve. This curve may be seen in a carriage w^heel. In 
this case the source of light is either the sun or a street lamp. Owing to the 
great distances of the source of light and the eye of the observer from the hub 
of the wheel (great in comparison with the diameter of the wheel) , the brilliant 
curve looks like a straight line passing through the hub, and on account of the 
motion of the carnage this line continually changes its position. 

Closely packed assemblages of brilliant points look like continuous regions 
of light when the consecutive brilliant points are so near each other that the 
eye can not separate them. An example of this is presented by a circular saw 
which has been polished with emery in a lathe. The consecutive scratches 
made by the particles of emery are so close that their corresponding brilliant 
points are too close to be separated by the eye. Each scratch may be consid- 
ered as being the special position of a variable scratch, and hence the isolated 
brilliant points are points of a brilliant cui"ve. This curve is illustrated by 
Fig. 2 and the photographs. In Fig. 2 the plane of the paper below the line 
AB represents the plane of the saw, P[ and P^ are the projections of the source 
of light and of the eye respectively on this plane, and z^ and z^ are the distances 
of the light and of the eye above the plane. The heavy full line represents the 
visible portion of the brilliant curve. The photographs also show this curve. 
In the latter case the source of light is an electric arc and the eye is replaced 
by the optical centre of the lens of the camera. It vdll be observed, in the 
photographs, that near the centre of the saw there is a discontinuity in the 
brilliant curve. This is due to the fact that, at a small distance from the centre, 
the concentric circular scratches are replaced by spiral scratches, due to a differ- 
ent mode of polishing. 
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The most general problem to be discussed in this paper is the following : — 
Required to find the locus of the brilliant points of a two parameter family of 
space curves when the source of light and the eye of an observer are in given 
fixed positions. An example under this case is presented by the rapid rota- 
tion of the saw above referred to, about an axis in its plane. Another ex- 
ample is furnished by a family of parallel polished wires, as for instance the 
wires strung on the arms of a telegraph pole. 

In what has been said above it has been tacitly assumed that the source 
of light is a point and that all the rays reflected at the brilliant points belong 
to a family of right lines each member of which passes through the same point, 
namely, the pupil of the observer's eye. It might be required to find those 
points of reflection for which the reflected rays belong to a family of right 
lines each member of which is normal to a given surface. This given surface 
would be called the recipient. The eye would then be said to be a,point recip- 
ient. A surface to which all the incident rays are normal would be called the 
source. When all the incident rays emanate from a single point, this point 
would be said to be a point source. 

In the present paper I shall confine myself to the brilliant points of 
curves with respect to a point source and a point recipient. 

2. Deflnition of Brilliant Points. Given the space curve 

Fi{x,y,z)=0, F^(^x,y,z)=0, 

a family of right lines emanating from the point Pi, (a^, yi, 2i) called the 
source, a family of right lines emanating from the point Pj, {x^, y^, z^) called 
the recipient. The point Pq, (xq, y^, Xj) is said to be a brilliant point of the 
space curve I\ = 0, ^j = with respect to the points /*j and P^ when the 
following conditions are fulfilled. 

1. The point P© is * point of the cui-ve Pi = 0, Pj = ; 

2. The right line PoPi, considered as a whole, and the right line PoPj, 

considered as a whole, make equal angles with the line of intersec- 
tion of their plane with the plane normal to the curve Pj = 0, 
P, = at Pq. If the two planes coincide. Pa shall still be consid- 
ered as fulfilling this condition. 
This is the most natural definition of the brilliant point of a space curve 
as suggested by that of a surface. Condition 2 is co-extensive with the fol- 
lowing condition. 
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3. The right line Pq A» considered as a whole, and the right line P^ P„ 
considered as a whole, make equal angles with the right line which 
is tangent to the curve Pi = 0, Pj = at P©. 

Fig. 1 enables us to see geometrically that Conditions 2 and 3 are co- 
extensive. In the figure, P^ is the centre of a sphere which is pierced in the 
points A, A by the tangent at Po to the space curve Pi =0, P, = 0, in the 
point Bi by the right line Po Pj, in the point B^ by the right line Po Pj, and 
in the point C by the line of intersection of the normal plane and the plane 
of the lines PoPi, PoPj. The great circle through C which has ^,^ for 
poles is the intersection of the sphere by the plane which is normal to the 




FIO. 1. 

curve Pi = 0, Pj = at Po. The great circles AB^ and AB^ cut the normal 
plane in Dj and D^ respectively. In the right spherical triangles J5, Di O and 
B-tDiC angle DiCB^ = angle DiCB^. By Condition 2, side CBy = side 
CB^. Hence the two triangles are equal and arc ^^i = arc AB^. But this 
is Condition 3. If, on the other hand, we have given arc ABi = arc AB^, it 
follows that arc CPi = arc CB.i, and this is Condition 2. 

Classification of Brilliant Points. Those brilliant points Po for which 
the segments of right lines PoPi andPoPg lie on opposite knappes of a cone 
of i-evolution whose axis is the tangent to the space curve at Po and whose 
vertex is Po, shall be called actual brilliant poinds, and those for which these 
segments lie on the same knappe shall be called virtual brilliant points. 
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When the semi-angle of this cone is a right angle, an ambiguity arises. In 
this case Pq shall be called an actual brilliant point, except when it lies be- 
tween J^i and J^<s on the right line P^P^. In this exceptional case, it shall be 
called a virtual brilliant point. 

If the curve represented by the equations i'\ = 0, P^ = be the axis of 
a polished wire of small radius, and if one of the points Pj, P2 be replaced 
by a source of light and the other by the eye of an observer, then the observer 
will see the actual brilliant points as luminous points. 

3. Analytical Conditions- The deduction of the following condi- 
tions will be given in a paper which the author intends to publish in the near 
future. 

The necessary and sufficient* condition that the point P,(^x,y, z) shall be 
a brilliant point of the space curve Fi(x, y, z) = 0, F^{x, y, z) = 0, loitli, re- 
spect to the tvjo points Pi,(xi, y^, z^) and Pj, (xj, y^, z^ is 



Pi (X, y, 2) = I 
t\{x,y,z)=^ j 



(«) 



+ p.[^(.-.0 + ^(y-.i) + ^(-.)]} 
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*Thi8 condition is snfflcieHt, provided that tliere are no points at which the surfaces 
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BFi BFi dFi 

dx dy dz 

x-x^y-y^z-Zi 
x-Xty-ytZ-Zi 



Bi = 



By putting, in equations (a) , (6) , 

Fr{x,y,z)=F{x,y)=Q, 



dj\ dj\ dl\ 

dx dy dz 

dFf d F^ dF^ 
dx dy dz 

x-Xfy -yiZ — Zi 



fi{x, y, Z)=:Z = 0, 



i = 1, 2. 



and hence 
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dy ~ dy ' 

dF dF 
in which F(x, y) , -z — , - — are functions of the variables x and y only, we 

obtain the following theorem : 

The necessary and sufficient condition that the point P,(«, y) shall be a 
brilliant point of the plane curve F(x, y) = 0, with respect to the two points 
P,,(xi, yi, Zi) and Pj(,(x„ yj, z^), which are not in the plane of the curve is 



F(x, y) = 
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(6') 



Let U8 denote by Oj and a^ the absolute values of Zi and % respectively 
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and by Pi and PI the projections of the points P, and P^ on the JC, I^ plane. 
The condition just stated is the same for the four cases : (^i = a^, z^ = cfj), 
(^i = — ai, 22 = — ttj). (% = — «!, Z2 = 052) , (% = %, ^2 = — a2) • According 
as we have one of the second two, or one of the first two of these cases, the 
right line jPj P^ cuts the right line P'x Pi between or not between Pi and P^. 
Let us denote by P,- the point between PI and P^ and by Pj the other point. 
The four points Pj, Pi, Pi, PI form a harmonic range. The coordinates of Pf 
and Pj are respectively 



Xy -\- Xn 
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Both Pi and _?*,• satisfy equation {b') , and hence if the curve (a') passes through 
them, they are brilliant points. 

By putting, in equation (b'), Zi — and Z2 — 0, we obtain the following 
theorem : 

The necessary and sufficient condition that the point P, (x, y) Khali he a 
brilliant point of the plane curve F(x, y) = 0, with respect to the two pointx 
Pj,(xi, i/i) and P2,{X2, y^), which are in the plane of the airve is 

F(x, y)=0 
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The first factor of the left hand member of equation (h") vanishes for all 
points of the right line P^ Pi- With the exception of P^ and P^, the second 
factor vanishes for no point of this right line, except when the line is normal 
or tangent to the curve F = 0. To show this, substitute for x and y the co- 
ordinates of any point of the right line 1\ P^ 

_ X, + kx.2, _ yi + ^y-i 
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The second factor of the left hand member of (b") then becomes 
2 k 



(1 + kyidx 
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This expression vanishes when k = Q and when A; = oo . These are the 
coordinates of Pi and P^. For other values of k the expression cannot van- 
ish unless 
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(1) 



(2) 



If the right line P1P2 and the curve F{x, y) = meet, equation (1) is the 
necessary and sufficient condition that P1P2 shall be tangent to F = 0, and 
equation (2) is the necessary and sufficient condition that P1P2 shall be nor- 
mal to i^ = 0. 

4. Loci of Brilliant Points. Suppose we have a family of space 
curves given by the equations 

*i(x, y, z,Pt) = 0, 4)2(0;, y, 0,j>2) = 0. (a) 

in which j)i and p^ are two independent parameters. If, after substituting <J>j 
and $2 for Fi and F^ in equations (a) , (5) , we eliminate pi and p^ between 
these three equations, there results an equation, independent of ^j and p^, 
which is satisfied by the brilliant points of every member of the two parameter 
family of space curves (a) . This equation represents the surface which is the 
locus of all the brilliant points, i. e. the brilliant surface, of the given family 
of space curves with respect to the fixed points P^ and P^- When the func- 
tions ^1 and (^2 ai^e of the form 

^i{x,y,z,pi) = Fi{x,y,z) -pi, ^2{x,y,z,p2) =F.i{x,y,z) - p.^, 

no elimination is necessary, and equation (6) , as it stands, represents the brill- 
iant surface. Similarly, if we have a family of plane curves given by the 
equation 

^{x,y,p) ^Q, (a') 
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and if, after substituting <J> for F in equations («'), {b'), we eliminate p be- 
tween these equations, we obtain the equation of the brilliant curve of the 
given family of plane curves (a') with respect to the fixed points P^ and ^2, 
which are not in the plane of the curves. When the function <1> is of the form 

^{x,y,p) = F{x,y) - p, 

no elimination is necessary, and equation (6'), as it stands, I'epresents the 
brilliant curve. When both Px and P^ lie in the plane of the family of curves 
(a'), we obtain the equation of the brilliant curve by eliminating p between 
equations (a"), {b") after substituting <I> for F. In this case the brilliant 
curve consists of two distinct curves, one of which is the right line connect- 
ing Pi and P^. 

Theorem. When the source and the recipient are in the plane of a family 
of curves, the brilliant curve of this family and that of its orthogonal tra- 
jectories are identical. The portion of the brilliant curve, with the exception of 
the right line Pi P^, which for the one family is the locus of the actual brilliant 
points, is for the other farnil y the locus of the virtual brilliant points, and vice 
versa. 

5. Applications, (a) The Saw Curve. Let it be required to find 
the equation of the "saw curve " referred to in the introduction. The curve 
of light seen by an observer and shown in the accompanying photographs is that 
portion of the brilliant curve which is the locus of the actual brilliant points. 
In Fig. 2 the locus of the actual brilliant points is represented by a heavy full 
line and that of the virtual brilliant points by a heavy dashed line. The 
scratches caused by the particles of emery are concentric circles whose com- 
mon centre is the centre of the srav, and hence our family of curves is repre- 
sented by the equation 

,^2 + y2 _ a2 ^ 0, (3) 

in which a is the variable parameter. P^, (xj, 3/1, 2i) is the source and P^, 
(x^, y2, z^) is the recipient. The derivatives of the left hand member of 
equation (3) are 

dF ^ dF ^ 

-TT- = ZX, ^r = ZIJ. 

dx dy •' 
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Substituting these in (6') we obtain 
[(a^y - y^^) + (yi* - asiy) + (a!i y^ - a;syi)1 N x(x - Xi) + y(y - y^) \ 

\Xiy - yiX\ + \x{x-Xi) + y(y - y,) j ja^y _ yiasjl 

+ «i(«2y-y2a5)^-«|(a^y-.yiX)« = 0. (4) 

This equation may also be written as follows : 

\{Xi - xi)y - (y, - yi)x ^x^y^-x^yA Ux^ + x^) (y» + 7?y) 

- {y^ + yi)(a=* + y'x) + (x^y^ + y\Xi){^ -f) + 2(y,y, - Xia%j)a;yJ 
-2(2|«2y, -2|a;,y,)x.y + (sja^ - z^xj)/ + (z? z4 - 4yi)a;' = 0. (5) 

The result may be stated thus : The brilliant curve of a family of con- 
centric circles, when the source and recipient are not in the plane of the family, 
is a curve of the fourth degree. This curve passes through the common centre 
of the circles (3), and also through the points Pi and Pj, whose coordinates 
have been given in §3. 

When the right line P{Pi, which is the projection of PiPj on the plane 

of the circles, passers through the centre of the circles, — = ^ . For thisrela- 

x% yt 

tion, equation (4) becomes 

(cy- a;)'[(y| -yi)(x' + y')- (y^ - yi){xiy^ + x^y-^)x - 2(y^yi) {yi-yi)y 

+ 4yl-4y{\=o, (6) 

in which c = — = — . The first factor of equation ( 6) , when set equal to zero, 
yi yi 

represent^ two coincident right lines which pass through the origin and contain 

Pi and P%. The second &ctor, when set equal to zero, represents the circle 

cut by the {X, J^ -plane from the sphere whose equation is 

{X - x^)^ + {y - yyf + {z - z,y 

(X - x,y + {y - y,Y + (^z - z^f ' ^'^ 

in which k = — = —. This sphere cuts the right line P\Pi in points whose 

*2 Vi 
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coordinates are 

\±k ' l±k ' l±k ' 

On account of the value of k, the first two coordinates of one of these points 



are zero. The result of putting 



= can be expressed as follows : 



•x^y-i 

When the axis of the saw (i. e. the right line perpendicular to the plane of 
the saw at its centre) intersects the right line JPi P^, which connects the source of 
light, Pj, and the recipient, an observer's eye, P^, the brilliant curve consists 
of a straight line and a circle. The straight line passes through the centre of 
the saw and contains the projections of Pi and P^. The circle is the intersection 
of the plane of the saw by the sphere which has P^ and P^ as conjugate points, 
and passes through the intersection of the axis of the saw and the right line 

When the axis of the saw intersects the right line PiP^ in the point P^half 
way between Pj and Pj, the sphere is replaced by the plane which is perpendic- 
ular to Pi Pi at P3, and in this case the brilliant curve consists of two right 
lines which are perpendicular to each other and one of which passes through 
the centre of the saw. When in thvi special ca^e the right line P1P2 is parallel 
to the plane of the saw, the two right lines cross each other perpendicularly at 
the centre of the saw. 

The photographs show some of the special cases. 

When Zi= and z,2 = 0, the curve represented by equation (5) degener- 
ates into the curves represented by the equations* 

(X2 - xi)y - (^2 - yi)x + xj^j - x^yi = (8) 

and 

(052 + a5i)(.'/ + x^y) - (ya + yi)(r^ + y'^x) + {x^y.^ + yiX.i){x^ - /) 

-^ '^{y\y%-'^\x%)xy = ^- (9) 

Equations (8), (9) might have been gotten directly from (b"). It is, of 
course, a physical impossibility to see the curve represented by equation (9). 

(ft) The Carriage Wheel Curve. Let it be required to find the equa- 
tion of the " carriage wheel curve " referred to in the introduction. In Fig. 3 

* Equation (9) is tlie equation obtained by Lieutenant Hamilton, Annals of Mathematics, 
ser. 2, vol. 2 (1900/01), p. 97. A geometrical construction for this curve is given by Eagles, 
Constructive Geometry of Plane Curves, p. 333. 



BRILLIANT POINTS AND LOCI OF BRILLIANT POINTS. 125 

the locus of the actual brilliant points is represented by a heavy full line and 
that of the virtual brilliant points by a heavy dashed line. The spokes of the 
wheel being radial and of small radius, our family of curves is repi'csented by 
the equation 

y — ax = 0. (10) 

dF dF , 

3- = — «, 5— = 1- 

ox oy 

Substituting these values in equation (i') , and eliminating a between the equa- 
tion thus obtained and equation (10), we get 

yi^iV-Vi^) + (yi«-a;iy) + (a;iy2-a;2yi)J( -l)[ja;iy-yia;j \x{x-X2) 

+ y{y-yt)\ + l^^y - yix\\x{x - x^) +y{y-y;)\\ + 
z\\x{x-x^) +y{y -yi)\^-A\x{x-xi) + y{y - yi)\^ = 0. (11) 

The result may be stated as follows : The brilliant curve of a family of radiating 
right lines, when the source and the recipient are not in the plane of the family , 
is a curve of the fourth degree. This curve passes through the radiant, and 
also through the points P,- and Pj, whose coordinates have been given in §3. 
The first tenii of equation (11) differs from that of equation (4) only in sign. 
When «i = and 2.3 = 0, the curve represented by equation (11) degen- 
erates into the cui-ves represented by equations (8), (9). This is in accord- 
ance with the theorem of §4, since the families of curves represented by 
equations (3) and (10) are orthogonal trajectories. 

(c) A Family of Equilateral Hyperbolas. Let it be required to find 
the brilliant curve of the family of plane curves 

xy = a, (12) 

when the source and recipient are not in the plane of the curves. 

dF _ dF _ 

a^ - ^' a^ - ''■• 



X y 
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xi y\ 
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X'.2 ?/i 


1 
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Substituting these values in (6'), we get 

n.y(a; - x^) ^ x{;,j ~ y^\\y {y - y.^ -x{x~x^)\^\ y{x - x^) 

+ X (y -2/2) \ \y{y - Vi) - «(« - a;i) U + ^i \y{y - y^d - ^i^ - x^) ^ 
- 4y(y - yi) - ^(x - a^OP = (13) 

6. Geometrical Constructions of the Brilliant Curve for 
Certain Families of Plane Curves. It is a property of the sphere that, 
if any point of its surface be connected by right lines with a pair of conjugate 
points and also with the points in which the sphere is pierced by the diameter 
containing the conjugate points, the latter lines bisect internally and externally 
the angle formed by the former. 

We can make use of this property to test whether a point P of a space 
curve is a brilliant point with respect to a source Pi and a recipient Pg. At 
jP draw a plane normal to the curve and through the point I*^ in w-hich this 
plane is pierced by the right line Pj P^ draAV a sphere having P^ and Pj as con- 
jugate points. The point P is or is not a brilliant point according as this 
sphere does or does not pass through it. If the normal plane is parallel to 
the right line Pi P^, the sphere is replaced by the plane which is perpendicular 
to P1P2 at the point half way between P^ and Pg. If the nomial plane con- 
tains both Pi and P^, the point P is by definition a brilliant point. On this 
principle is based a geometrical construction for finding the brilliant curve of 
a family of parallel curves, whose common plane we shall call the horizontal 
plane; with respect to a soui'ce and a recipient which are not in the horizontal 
plane : 

To any curve, at any point, draiv a normal; this line will be normal to 
every curve of the family. At the point in which it cuts the horizontal pro- 
jection of P1P2 draw a vertical line, and through the point in which this line 
cuts the right line Pi Pg draw a sphere having P^ and P^ as conjugate points. 
This sphere cuts the horizontal plane in a circle which cuts the normal in two 
points of the required locus. 

In Fig. 2 this method is used for finding the brilliant curve of a family 
of concentric circles. 
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From the second definition of a brilliant point (see Condition 3) we 




FIO.3. 



obtain the following geometrical construction for finding the brilliant points of 
a right line I Avith respect to a point source Pj and a point recipient P^. 
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About I as an axis revolve P^ until it comes into the plane of I and P^. 
There will be two revolved positions. Connect by right lines P^ with each of 
the revolved positions of P^. These right lines cut the line I in its brilliant 
points. 

To find the locus of the brilliant points of a family of right lines, find 
the brilliant points of each member of the family separately. 

In Fig. 3 this method is used for finding the brilliant curve of a family 
of radiating right lines, all of which lie in one plane, with respect to a source 
and recipient not in this plane. 
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